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Abstract

Suppose we have data in the form of a contingency table. Certain information, such as
marginal totals or conditional probabilities, along with sample size, can allow us to deduce
bounds on each contingency table cell. If these intervals are too narrow - especially for
cells with low counts - this could pose a privacy risk. In this thesis, we deduce and prove
closed-form solutions for the linear relaxation bounds given full and partial conditional
probabilities. We also calculate these bounds via linear programming and calculate sharp
integer bounds via integer programming. We show that there can be large differences
in the width of these bounds, suggesting that using the linear relaxation is likely not an
acceptable shortcut to estimating the sharp bounds. We collect the run-times for these
different examples, and compare several available optimization software packages. For the
largest example, we compute the sharp integer bounds but find that this is prohibitively
time-consuming for most practical usages. We also calculate bounds for a 2× 2 table given
any of three odds ratios and sample size, via quadratic constrained programming and mixed
integer quadratic constrained programming and show that in this example the bounds are
wider than those induced by the conditional probabilities and sample size.
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Chapter 1

Introduction

A convenient and common way to display categorical data are via contingency tables. Social

or government agencies often collect such data with intent to release it as public information

so that it can be used for inference, the results of which could be used to affect policy

decisions or further research. However, if too much information is released, privacy of

individuals could be compromised, privacy that has likely been guaranteed upon collection

of the data. Thus, there must be a trade-off between releasing the data and maintaining

privacy.

There are many ways in which data privacy can be violated, as well as many ways to

determine whether a violation has occurred. One way is the concern of this paper, and

involves what has been called the feasibility interval [48], that is, the bounds on a cell that

can be induced by given information. If these feasibility intervals are too narrow - or if the

table is uniquely identified because the lower and upper bounds are the same - the risk of

a disclosure could be high, particularly in cells with small counts.

We are particularly interested in the cell bounds that can be calculated when we are given

conditional probabilities. This is an important question because although much categorical

data is expressed in terms of contingency tables, agencies such as the Bureau of Labor

1



Statistics sometimes release rates or percentages representing proportions of individuals who

fall in a certain category given some other characteristics ([42], p. 7). What information

can be extracted from these conditional probabilities? This is the question which we explore

in this thesis.

Another quantity which has an impact in statistical analysis involving categorical data is

the odds ratio. This quantity comes up in areas such as logistic regression and log-linear

models. Since this is a parameter of interest, there may be instances in which we are given

odds ratios to summarize or help summarize a contingency table. Thus, it is of interest to

determine the information we can extract from this quantity, and we do so in chapter 5.

In the first chapter of this thesis we do a literature review of some connections between

Operations Research and Statistics, as well as cell bounds in statistical disclosure limitation,

and outline the contributions of this work. We then discuss the optimization methods

utilized in this work. In the second chapter we discuss 2-way tables, using two examples

to illustrate formulation of the optimization problems which use conditional probability

information to lead to the calculation of cell bounds. We also give two simple results for

the calculation of the lower and upper bounds based on the linear relaxation. In the third

chapter, we extend these results to k-way tables given both full and partial conditional

probabilities, and explore four more datasets which are represented as k-way tables. In

chapter 4 we give a short, general discussion of our results in chapters 2 and 3, as well as

a comparison of the optimization methods used to calculates the bounds. In chapter 5 we

use three different odds ratios to formulate an optimization problem which result in bounds

on a 2-way contingency table. We conclude our discussion in chapter 6.
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1.1 Statistics, Bounds and Optimization

1.1.1 Minimum Trace Factor Analysis

Operations Research (O.R.) and in particular optimization has long played a role in several

areas in statistics. One prominent area has been the role of nonlinear and semidefinite pro-

gramming in Minimum Trace Factor Analysis. This area attempts to find a diagonal matrix,

D, which, when subtracted from a symmetric, positive-semidefinite matrix S will minimize

the trace of S −D, subject to the constraint that S −D must be positive semidefinite.

There are many variations of this problem, and it has been studied extensively (see [4],

[27], [41], [47], and [46]). Specifically, it finds applications in determining the greatest lower

bound for the reliability of a test. Reliability shows how consistently a variable is measured

when a test or survey is administered, and when certain strong assumptions cannot be

legitimately made it cannot be explicitly measured, though lower bounds on it can be

developed, using optimization methods.

1.1.2 Controlled Rounding

The controlled rounding problem is the problem of preserving the additive row and column

totals in a two-way array while optimally rounding real-valued entries to adjacent integers.

Cox et al. [16] solved the controlled rounding problem using a transportation problem

formulation, a linear programming formulation whose structure allows it to be solved ex-

tremely efficiently (see [3]). The transportation problem can be described as follows: Say

you have n manufacturing facilities, a1, ..., an, each of which produce ri products. There

are also m stores, b1, ..., bn, each of which requires ci of the products. Between each man-

ufacturing facility and store there is a cost dij . How should the products be transported

from the manufacturing facilities to the stores to minimize cost?

Subsequently, Causey et al. [12] formulated several statistical problems as controlled round-
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ing problems (the Controlled Selection problem; raking), including a direct application of

this method to statistical disclosure limitation (SDL): given a 2-way array with small counts

which could lead to a disclosure, apply controlled rounding to some integer base (say 5 or

10), which would result in an array with less disclosure risk.

Later, Cox and George [18] extended this idea to tables with subtotals using a capacitated

transshipment formulation, where the transshipment problem is like the transportation

problem except there are intermediate “distribution centers” which have no demand but

can take products and route them to stores (again, see [3]).

1.1.3 Cell Suppression

Cell suppression of tabular data is a disclosure limitation method which suppresses cells

(disclosure cells) in a table which would result in a disclosure, and subsequently suppresses

other cells (called complementary cells) which could allow one to determine the disclosure

cells. The problem is to select all complementary cells necessary to prevent a disclosure,

but leave as many cells as possible to release as much information as possible.

To solve this problem optimally is difficult, though linear programming has been used by

the U.S. Census Bureau ([51]). Cox [17] has also studied this problem, and used network

theory to solve it optimally under the “minimum-number-of-complementary-suppressions”

criteria.

1.1.4 Causal Inference

One area which has utilized bounding, as well as optimization to calculate these bounds, is

causal inference. Manski [36] used the bounding idea in the context of the selection problem,

which attempts to estimate a regression relationship in the presence of incomplete data.

He does not use optimization, but instead computes bounds on the conditional expectation

using simple facts about conditional probability and a property of expectations. He expands
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upon this, applying his method to calculating bounds on treatment effects, tightening them

for more specific situations [37].

Balke and Pearl [1] develop bounds on counterfactual probabilities by developing a deter-

ministic function that relates the variable corresponding to the counterfactual consequent

with that corresponding to the counterfactual antecedent. Of course, this function is only

deterministic if we know values for all unknown variables affecting the consequent that

might also affect the antecedent. Using this idea, they develop an expression for the coun-

terfactual probabilities, along with some expressions denoting constraints. They then use

linear or nonlinear programming to determine the bounds. This work utilizes optimization

techniques in the same way that we do, in that we maximize and minimize using information

that we have to get upper and lower bounds on probabilities (or in our case, cell counts).

The setting in which we develop these optimization problems differs (causal inference ver-

sus contingency tables), however, and further, counterfactual probabilities are inherently

unobservable, while the probabilities in our settings have been observed but are unknown

to us. In a later paper [2], they apply this methodology to the treatment effect problem

that Manski tackled before. Their bounds are tighter and more general.

1.2 Cell Bound Calculation for Contingency Tables

Calculating cell bounds for the entries of contingency tables given marginal totals has a

long history, and goes back to Bonferroni [8], Frechet [28], and Hoeffding [32] in their work

on bounds for cumulative distribution functions given univariate marginals (Fienberg, [23],

[24]). Given an I×J table with total sample size (n++) and marginal totals (ni+ and n+j),

these bounds, called Fréchet bounds, have the following form for the ijth cell:

min{ni+, n+j} ≥ nij ≥ max{0, ni+ + n+j − n++}

Work has been done on generalizations of these bounds, i.e. bounds for k -way contingency

tables. Given marginal totals for k -way tables, Dobra and Fienberg [20] developed theory
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and explicit formulas for the bounds when the table can be represented as a decomposable

graph, a construct in which the expected counts in the cells of the table can be written

as functions of the marginals. They extended these results to the case in which the graph

is reducible, though when the table cannot be represented as a graph (which is often the

case), other methods such as linear programming must be employed.

They further extended this idea to general k -way tables [21] by generalizing the “shuttle

algorithm” originally developed by Buzzigoli and Giustic [10] for 3-way tables. This al-

gorithm exploits hierarchical relationships within the table, and sequentially updates the

bounds for cells until they cannot be further improved. This algorithm gives sharp bounds

for any k -way contingency table given marginal totals, and for a large example (a table with

216 entries), they completed the calculations in less than one hour.

Significantly less work has been done examining bounds induced by given conditional prob-

abilities. Work done by Slavkovic [42], Slavkovic and Feinberg [43], and Feinberg and

Slavkovic [26] has begun to examine the cell bounds induced by conditional probabilities in

conjunction with given marginals, as well as conditionals alone, using both mathematical

programming (linear and integer) and Markov bases. In the next section, we discuss this

work further, as well as our contribution.

As discussed above, when marginals and/or conditionals are given, a natural way to obtain

bounds is via linear programming (1.6.1) or integer programming (1.6.2). Integer program-

ming (IP) requires an integer solution and thus calculates the sharpest bounds possible

based on given marginal and/or conditional information. The linear relaxation of the inte-

ger program (LP) does not pose the integer constraint. As might seem obvious, IP is much

more computationally intensive than LP, so many may want to use LP as an approxima-

tion to the tight IP bounds. The maximal gap between an IP and its linear relaxation has

been studied and applied to the statistical disclosure setting [33] and theoretically has been

shown by Sullivant [44] to be exponentially large, showing that it is dangerous in the case

of given marginals to use the linear relaxation as an approximation to the sharp integer

bounds.
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1.3 Contributions of this Thesis

In this thesis, we calculate cell bounds for a variety of examples given conditional probability

information and sample size, using an integer/linear programming formulation. We improve

upon the formulation proposed by Slavkovic [42] by requiring the marginals upon which we

condition to be nonzero while allowing individual cells to be zero. Restricting the counts in

individual cells to be greater than zero (as Slavkovic did) is unnecessarily restrictive, because

while a zero marginal would result in a division by zero when calculating a conditional

probability, there need not be any such restriction upon individual cells.

Further, for a 2 × 2 example we calculate sharp cell bounds given a particular odds ratio,

as well as the linear relaxation of the problem. This is accomplished using mixed inte-

ger quadratic constrained programming (MIQCP) and quadratic constrained programming

(QCP).

In terms of statistical disclosure limitation, computed sharp cell bounds given conditional

information could trigger the realization that a disclosure is likely, in the case that the

feasibility interval is narrow. Additionally, one might think that the linear relaxation to the

integer program might be a good approximation to the sharp bound. We show empirically

that there can be large gaps between the two, though while the linear relaxation bounds

are fairly easy to calculate, the sharp bounds may be much more difficult.

1.4 Computing

We will use a variety of optimization software programs to calculate these bounds, and will

evaluate the run-time effectiveness of each in comparison to one another. The approaches

we will use include: a standard commercial solver, Cplex [53]; MATLAB’s linprog from

its Optimization Toolbox [56]; and an implementation of the freeware lp_solve system in

R ([55] and [57]). We also experimented with MATLAB’s Genetic Algorithm capability.
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To solve the MIQCP’s and QCP’s, we used BARON (Branch and Reduce Optimization

Navigator) ([52] and [45]). In the case of both Cplex and BARON, the solvers were ac-

cessed through the optimization modeling language GAMS (General Algebraic Modeling

Language) ([54]).

Unless otherwise specified, all bounds have been calculated on a system which includes

Quad 2.6 GHz AMD Opteron Processors and 32 GB of ECC RAM1.

1.5 Notes on Examples Used

We will solve a variety of problems of varying sizes: a 2 × 2 table (called the Download

Data), a 4 × 4 table (Delinquent Children Data), a three-way table (Abortion Data), a

four-way table (Clinical Trial Data), a six-way table (Czech Autoworkers Data), and an

8-way table (CPS Data).

These datasets will induce optimization problems with anywhere from 4 to 2,880 decision

variables (note that these are not random variables), and a similar range on the number of

constraints. Though each dataset is different, the formulation of the mathematical program

based on given full conditionals will be similar. There will be (1) a constraint requiring

that the sum of each cell’s count is equal to the sample size, (2) a set of constraints which

are derived from the conditional probability information at hand, (3) a set of constraints

requiring that each margin be at least 1, and (4) the lower bound on each variable will be

set at zero.

1.6 Optimization Methods

In this paper, we will be solving mathematical programs to calculate cell bounds for con-

tingency tables of varying sizes given certain information. These mathematical programs
1http://gears.aset.psu.edu/hpc/systems/hammer/
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will be one of four types: linear programs (LP), mixed integer programs (IP), quadrat-

ically constrained programs (QCP), or mixed integer quadratically constrained programs

(MIQCP).

1.6.1 Linear Programming

A linear program consists of a linear objective function, optimized subject to linear con-

straints. It can be represented in standard form as:

Minimize cx (1.1)

subject to Ax = b

x ≥ 0

where there are n variables and m constraints, c is a row vector of length n, x is a column

vector of length n, A is a m× n matrix, and b is a column vector of length m.

Constraints can be either equality or inequality constraints, but inequality constraints can

be easily reformulated as equality constraints by introducing additional variables ([3], p.4).

In the context of this paper, we use linear programming to calculate upper and lower bounds

on contingency tables without restricting those bounds to be integer. Thus, these bounds

are called linear relaxation bounds.

In practice, there are two classes of methods that are generally used to solve linear programs:

some variation of the Simplex Method and Interior Point methods.

The Simplex Method

The classic Simplex Method [19] is the seminal algorithm that launched linear programming

into viability, enabling linear programs to be solved that were previously too difficult.
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This exploits a property of linear optimization problems constrained by convex sets: any

optimal solution must lie at an extreme point, where extreme points are points within the

convex set that cannot be represented as convex combinations of two other points which

lie in the set. If the constraint set is composed of linear constraints, extreme points can be

thought of as “corner points.” Thus, the search space can be made dramatically smaller

and the linear program can be solved efficiently.

It has been shown that in a worst-case scenario, the Simplex Algorithm has exponential-

time behavior. That is, the computational effort needed to solve a linear program via the

Simplex Method cannot be bounded by a polynomial function [3]. However, in practice, the

Simplex Method is still a competitive algorithm, and is widely employed by software today.

Interior Point Methods

Interior point methods were first introduced by Karmarkar in 1984 [34]. Karmarkar’s al-

gorithm was the third major theoretical advance in solving linear programs, following the

Simplex Method [19] and the Ellipsoid Algorithm (see [6]), though the latter, while promis-

ing theoretically, was ineffective in practice ([3], p. 392). Karmarkar’s algorithm, both

because it was polynomial-time and because it was purported to be practically successful

in solving linear programs ([49],1) set off a firestorm of research activity capitalizing on the

interior point idea.

As the name implies, Interior Point Methods are algorithms which search through the

interior of the feasible region of the linear program. Mehrotra’s algorithm ([38], also see

[49]) is a predictor-corrector primal-dual interior point method, and is a classic interior

point algorithm. The following is a sketch of the idea of the algorithm.

Given a set of linear constraints, a curve called the Central Path can be defined within the

feasible region which converges to the optimal solution. Primal-dual interior point methods

use this Central Path in some way to guide them to the solution. In particular, Methotra’s
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algorithm utilizes a predictor-corrector construct, the search direction at each iteration

consisting of 1) a predictor direction, i.e. a direction that most directly moves toward the

optimal solution; 2) a centering parameter chosen at each iteration, which determines how

closely the predictor direction is followed; and 3) a corrector direction, which keeps the

search close to a trajectory which will lead to the optimal solution. ([49],pp.7-16, 94-95).

Many variations of this algorithm, along with other methods based on searching the interior

of the feasible region have been proposed. While they have not completely supplanted the

Simplex Method, it is safe to say that they represent the cutting edge in the solution of

linear programs.

LP Methods We Utilize

Cplex Cplex [53] is a commercial optimization software package which has a variety of

algorithms which will solve Linear Programs. However, several of these, including the

Network Optimizer and Sifting Optimizer are for specific types of problems that do not

concern this research.

For small problems, and problems that are not sparse, Cplex can use a dual or primal

simplex algorithm [3], while for very large, sparse problems the most effective method is

a primal-dual logarithmic barrier algorithm ([49], 37-40), an interior point method which

uses this barrier function to define the Central Path (see Section 1.6.1).

Since Cplex is a commercial package, it performs very well compared to other packages. It

can solve problems faster and can solve larger problems that other programs cannot. The

downside, of course, is that to utilize this software there is a financial investment involved.

MATLAB’s Optimization Toolbox This commercial software package can use a func-

tion called linprog2to solve linear programs. For smaller problems, it uses a variant of the
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classic Simplex Method [19], an active set method, to solve smaller linear programs [5].

To solve larger optimization problems, linprog utilizes an interior point method [50] which

is adapted from Mehrotra’s predictor-corrector algorithm ([38] and Section 1.6.1).

Again, this is a commercial package, and perhaps more readily available than Cplex. Ad-

ditionally, since it is part of a MATLAB toolbox, it may be easier to use since MATLAB’s

programming language is fairly common. However, it does not seem to perform as well as

Cplex.

R implementation of lp solve lp_solve [55] is freeware developed by Michel Berkelaar

and its R implementation was authored by Sam Buttrey [57]. It utilizes a simplex method

algorithm to solve linear programs.

For statisticians, this is the most readily accessible of the LP software we used, and is

suitable for small problems. However, for larger problems, model specification becomes

cumbersome and it failed to solve some of the larger LP problems we ran. lp_solve can be

used in different software platforms, but the implementation in R seems somewhat unstable.

1.6.2 Mixed Integer Programming

Mixed integer programs can be formulated in the same way as linear programs (1.1), with

the exception that some or all of the variables are required to be integer. In our case, we

utilize pure integer programs in which we require all of our variables to be integer:
2http://www-ccs.ucsd.edu/matlab/toolbox/optim/linprog.html
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Minimize cx (1.2)

subject to Ax = b

x ∈ Z+

where Z+ represents the nonnegative integers and the nonnegativity constraint in (1.1) is

eliminated because it would be redundant.

Branch and Bound Methods

Branch and bound methods divide the feasible region of the IP into subregions. Then, they

calculate upper and lower bounds for each of these subregions. When a subregion has a

lower bound that is larger than the upper bound of another subregion, the subregion can be

discarded, and this is called pruning. Subregions are sometimes solved, i.e. the upper and

lower bounds calculated for them are the same. When all of the subregions are solved or

pruned, the optimal solution is apparent. (See [40] for a technical discussion of this method

in the IP context).

Branch and Cut Methods

Branch and cut methods (a combination of branch and bound and something called the cut-

ting plane method, see [40]) solve Problem (1.2) without the integer constraints to develop

a lower bound for the IP. If the linear relaxation does not produce an integral solution, the

algorithm searches for a constraint with excludes the current solution, but does not exclude

any of the integer solutions in the feasible region (this is the ‘cut’ part of the algorithm).

This process repeats until either an integral solution is found or it proves too difficult or

impossible to find a new constraint. If the latter is the case, then the branching part of the

process commences and the problem is broken into subproblems, where the above process
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is repeated.

IP Methods We Utilize

Cplex utilizes a branch and cut algorithm to solve integer programs, while lp_solve employs

a branch and bound method. Unfortunately, MATLAB’s Optimization Toolbox does not

have IP capabilities.

1.6.3 Quadratic Constrained Programming and Mixed Integer Quadratic

Constrained Programming

Quadratic Constrained Programming (QCP) is a class of optimization problems in which the

constraints include quadratic terms. A QCP is a special case of a nonlinear program where

both the objective function and constraints can be nonlinear functions. A Mixed Integer

Quadratic Constrained Program (MIQCP) is a QCP with integer constraints on some of the

variables. In this paper, we are concerned with solving small QCP’s and MIQCP’s which

can be represented generally as:

Minimize cx (1.3)

subject to g(x) ≤ 0

h(x) = 0

x ∈ X

where g : X → Ra and h : X → Rb are quadratic functions, a is the number of inequality

constraints, and b is the number of equality constraints. If we are solving a QCP, X ∈ Rn;

if we are solving a MIQCP, X ∈ Z.

Since we only solve very small QCP and MIQCP’s, picking a robust, efficient piece of

software for these problems was not critical. Because of its availability in the mathematical
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modeling language we used (GAMS, see http://www.gams.com/), we utilized BARON (see

[52] and for a technical discussion, [45]) to solve QCP’s and MIQCP’s.
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Chapter 2

Calculating Cell Bounds Given

Conditional Probabilities: 2-way

Tables

In this chapter we consider I × J tables, first using a simple 2 × 2 example (Download

Data) to demonstrate how to formulate the integer and linear programming problems which

result in cell bounds, then using that formulation to prove a simple theorem and state an

observation about the bounds of the linear relaxation. The chapter concludes with a 4× 4

example (Delinquent Children Data).

2.1 Setting and Notation

Let X and Y be two random variables and O = {oij} be the I×J table (matrix) of observed

counts with sample size N . The joint probability distribution of these two random variables

can be represented as P = {pij}, i = 1, ..., I, j = 1, ..., J , where pij = P (X = i, Y = j).
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Further, the marginal probability distributions for X and Y are

pi. =
J∑

j=1

pij = P (X = i)

and

p.j =
I∑

i=1

pij = P (Y = j)

respectively, and conditional probability distributions are C = {cij} and D = {dij} where

cij =
pij

p.j
= P (X = i|Y = j) (2.1)

and

dij =
pij

pi.
= P (Y = j|X = i) (2.2)

for i = 1, ..., I, j = 1, ..., J .

Note that these probability distributions involve true parameters, and under the assumption

of multinomial sampling the observed counts are just estimators of those parameters. We

are in particular interested in the estimated (observed) conditional probabilities and will

represent them as Ĉ = {ĉij} and D̂ = {d̂ij} with ĉij = oij

o.j
and d̂ij = oij

oi.
.

An important note: As we have stated, the observed counts for the ijth cell are represented

by oij while in our integer and linear programs, the decision variables (those variables which

can be varied subject to constraints) used to define cell bounds are represented by nij . One

can think of the observed counts as fixed (as they are a realization from the joint probability

distribution P ), while the nij ’s can vary with relation to the optimization programs.
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2.2 Cell Bounds for a 2× 2 Table, Given Conditional Proba-

bilities and Sample Size

In a fictitious example taken from Slavkovic ([42], p. 57), suppose we have a sample of 25

male students and 25 female students and we ask them whether they have ever illegally

downloaded mp3’s on the internet. Thus X=gender and Y=illegally downloaded? with

i = 1, 2 (male, female), j = 1, 2 (yes, no). These data are summarized in Table 2.1.

Download Yes Download No Total
Male 15 10 25
Female 5 20 25
Total 20 30 50

Table 2.1: Basic 2-way Table

From Table 2.1, using d̂ij = oij

oi1+oi2
, we can calculate the following 2 × 2 matrix of row

conditional probabilities:

D̂ =

 0.6 0.4

0.2 0.8



2.2.1 Formulation of Optimization Problems for a 2× 2 Example

In most statistical models which can help in the analysis of contingency table data, each

population parameter is assumed to be greater than zero (i.e. no structural zeros). However,

for a given sample we can certainly have a sampling zero. Because of this, instead of placing

a lower bound of 1 on each cell, it seems reasonable to make the lower bound 0 and instead

require that each margin have a count of at least one. This is necessary to satisfy the

definition of conditional probability.

In cases in which we wish to condition upon margins which are zero, we must somehow deal

with the fact that the resulting mathematical expression is undefined. People deal with

this in a variety of ways, sometimes collapsing across categories in some of the independent
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variables, for instance. In the 8-way example (Section 3.6) where we had this problem, we

just define the conditional probability to be zero because collapsing some of our independent

variables does not produce non-zero margins.

With this in mind, to calculate lower bounds on the ijth cell in the original table based on

the row conditionals (matrix D̂), the following optimization program can be constructed:

Min nij (2.3)

s.t. n11 + n12 + n21 + n22 = 50 (2.4)

d̂11 =
n11

n11 + n12
(2.5)

d̂12 =
n12

n11 + n12
(2.6)

d̂21 =
n21

n21 + n22
(2.7)

d̂22 =
n22

n21 + n22
(2.8)

n11 + n12 ≥ 1 (2.9)

n21 + n22 ≥ 1 (2.10)

nij ≥ 0, ∀i, j (2.11)

nij integer ∀i, j (2.12)

Remember that the nij ’s are decision variables that can be varied subject to the specified

constraints. In other words, these variables can take on any value such that the original

conditional probabilities, as well as the other constraints in the model, are satisfied. The

d̂ij ’s are assumed known and calculated from the observed data O.

To calculate lower bounds for each cell, we must solve four optimization problems, each one

having a different cell in the objective function. To calculate upper bounds on each cell,

the objective function would be maximized instead of minimized.

We can linearize (2.5)-(2.8). For instance, (2.5) can be written as −(1−d̂11)n11+d̂11n12 = 0.

This can be done for each of the four constraints, (2.5)-(2.8). However, note that if d̂11 is
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known, then d̂12 is determined, and vice versa. Therefore, (2.6) and (2.8) can be eliminated

as constraints altogether.

This results in the following integer program:

Min nij (2.13)

s.t. n11 + n12 + n21 + n22 = 50 (2.14)

− d̂12n11 + d̂11n12 = 0 (2.15)

− d̂22n21 + d̂21n22 = 0 (2.16)

n11 + n12 ≥ 1 (2.17)

n21 + n22 ≥ 1 (2.18)

nij ≥ 0, ∀i, j (2.19)

nij integer ∀i, j (2.20)

Removing the integral constraint results in the linear relaxation of the above IP:

Min nij (2.21)

s.t. n11 + n12 + n21 + n22 = 50 (2.22)

− d̂12n11 + d̂11n12 = 0 (2.23)

− d̂22n21 + d̂21n22 = 0 (2.24)

n11 + n12 ≥ 1 (2.25)

n21 + n22 ≥ 1 (2.26)

nij ≥ 0, ∀i, j (2.27)

This optimization problem can be formulated equivalently but more succinctly in matrix
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notation:

Min cn (2.28)

s.t. An = b

Gn ≥ h

n ≥ 0

where c is a row vector of length 4 consisting of 3 zeros, with a 1 in the ijth position, n is a

column vector of length 4 consisting of the decision variables, A is a 3×4 matrix representing

the left-hand side of the equality constraints, b is a column vector of length 3 representing

the right hand side of the equality constraints, G is a 2×4 matrix representing the left-hand

side of the inequality constraints, and h is a column vector of length 2 representing the right

hand side of the inequality constraints.

Optimization problem (2.28) is a linear program, but if the additional constraints are added

so that each variable must be integer-valued, it is an integer program.

For demonstration purposes, we will show the vectors and matrices here:

c =
[

1 0 0 0
]
, n =

[
n11 n12 n21 n22

]
,

where the “1” in c corresponds to the particular cell being optimized.

A =


1 1 1 1

−0.4 0.6 0 0

0 0 −0.8 0.2

, b =


50

0

0

, G =

 1 1 0 0

0 0 1 1

, h =

 1

1

.
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2.2.2 Exact Formulas for Linear Relaxation Bounds Given Conditional

Probabilities

For the linear relaxation as we have formulated it, notice that the lower bounds for each

cell are equal to the conditional probability for that cell. We will prove this result for the

particular case of the 2× 2 example, but it can easily be adapted to any contingency table

- as we will show in Chapter 3 - since the LP associated with it has the same form.

Theorem 2.2.1 Assume we have a 2-way contingency table. Based on the conditional

probabilities P (Y = j|X = i) and the sample size, we can construct a linear program of the

form (2.21). This linear program is minimized when nij = d̂ij. That is, the lower bound on

the cell represented in the objective function is equal to its associated conditional probability.

Proof We prove this result in the case of our 2-way example. Any other size of contingency

table would have a linear program with the same structure, and could be proved similarly.

Note the the lower bound for nij cannot be zero, because if it were, the other cell which

defines its conditional distribution would be forced to zero by (2.23) or (2.24). This cannot

happen because of constraints (2.25) and (2.26). Constraints (2.23) and (2.24) are derived

from the the conditional probability relationship d̂ij = nij∑
j nij

. Since (2.25) and (2.26) hold,

and nij is minimized when its marginal is as small as possible, nij will be minimized when

its marginal is 1, which forces nij to be precisely equal to its conditional probability, d̂ij .

Additionally, a closed-form solution can be derived for the upper bounds. Recall that I is

the number of categories in the first variable, J is the number of categories in the second,

and N is the total sample size.

Theorem 2.2.2 Assuming a 2-way contingency table and LP as in Theorem 2.2.1, and

assuming none of the rows in the contingency table sum to zero, the linear program is

maximized for the ijth cell at (N − (I − 1))d̂ij.
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Proof Since we are maximizing nij , the marginal total for each of the rows (beside the

ith row) in the contingency table will be as small as possible, namely 1, as required by

constraints (2.25) and (2.26). This is possible because each of the cells can have a value

equal to their conditional probability, as shown in Theorem 2.2.1. Thus, for all but the

ith row, the marginal total is 1. So now there are N − (I − 1) counts to distribute among

the J cells in row i. Recall that constraints (2.23) and (2.24) are derived from the given

conditional probabilities (i.e. d̂ij = nij∑
j nij

), the largest nij can be is the value which satisfies
nij

N−(I−1) = d̂ij which means nij is maximized at nij = (N − (I − 1))d̂ij .

To summarize, given the information as in Theorem 2.2.1, the linear relaxation bounds for

the ijth cell are given by

d̂ij ≤ nij ≤ (N − (I − 1))d̂ij (2.29)

We can extend these results to k-way tables as well, as we will do in Chapter 3.

2.2.3 Results for 2× 2 Table

The results of the integer program and linear relaxation are listed in Table 2.2.

Download Yes Download No
Male [3,27],[0.6,29.4] [2,18],[0.4,19.6]
Female [1,9],[0.2,9.8] [4,36],[0.8,39.2]

Table 2.2: IP and LP Results for 2-way Table

We used three different methods to solve these problems, and the results are in Table 2.3.

The time recorded is not the total time from when the program started to when it stopped.

Instead, it is the time, as close as we could get it, that the actual solvers are working.
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Method IP Time (seconds) LP Time (seconds)
Cplex 0.00 0.00
MATLAB’s linprog n/a 0.36
lpsolve in R 0.01 0.01

Table 2.3: 2× 2 Example: Comparison of Run-times for 3 Methods

2.3 Cell Bounds for a 4× 4 Table, Given Conditional Proba-

bilities and Sample Size

These data are taken from Slavkovic ([42], Sec. 4.6.1), and show the number of juvenile

delinquents broken down by county and education level, in Table 2.4. This time, X=county

and Y=education level.

Low Medium High Very High
Alpha 15 1 3 1
Beta 20 10 10 15
Gamma 3 10 10 2
Delta 12 14 7 2

Table 2.4: 4× 4 Table. Delinquent Children Data

Consider the case in which we are given an estimate of P (Education Level|County) (namely

D̂), as well as the sample size. We calculate sharp integer bounds for the cells as well as

bounds based on the linear relaxation of the integer program.

The matrix of row conditional probabilities,

D̂ =


0.75 0.05 0.15 0.05

0.364 0.182 0.182 0.272

0.12 0.40 0.40 0.08

0.343 0.40 0.20 0.057


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2.3.1 Formulation of Optimization Problems for 4× 4 Example

Similar to Section 2.2.1, an integer program can be constructed as follows (for N = 135):

Min nij

s.t.
∑

i

∑
j

nij = N

d̂ij =
nij∑
k nik

∀i, j (2.30)∑
j

nij ≥ 1 ∀i

nij ≥ 0 ∀i, j

nij integer ∀i, j

Again, if we know all but one of the conditional probabilities the last one is determined, so

we can eliminate four of these constraints. Then (2.30) can be rewritten:

d̂ij

∑
k

nik − nij = d̂ijnij − nij + d̂ij

∑
k 6=j

nik

= d̂ij

∑
k 6=j

nik + (d̂ij − 1)nij

= 0
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Thus we have the following integer program:

Min nij (2.31)

s.t.
∑

i

∑
j

nij = N

d̂ij

∑
k 6=j

nik + (d̂ij − 1)nij = 0, ∀i, j = 1, 2, 3 (2.32)

∑
j

nij ≥ 1 ∀i

nij ≥ 0 ∀i, j

nij integer ∀i, j

where d̂ij are elements of D̂.

The A matrix (see 2.28) is given here:

A =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

−.25 .75 .75 .75 0 0 0 0 0 0 0 0 0 0 0 0

.05 −.95 .05 .05 0 0 0 0 0 0 0 0 0 0 0 0

.15 .15 −.85 .15 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 −.636 .364 .364 .364 0 0 0 0 0 0 0 0

0 0 0 0 .182 −.818 .182 .182 0 0 0 0 0 0 0 0

0 0 0 0 .182 .182 −.818 .182 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −.88 .12 .12 .12 0 0 0 0

0 0 0 0 0 0 0 0 .4 −.6 .4 .4 0 0 0 0

0 0 0 0 0 0 0 0 .4 .4 −.6 .4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −.657 .343 .343 .343

0 0 0 0 0 0 0 0 0 0 0 0 .4 −.6 .4 .4

0 0 0 0 0 0 0 0 0 0 0 0 .2 .2 −.8 .2



Because the decimal representations of the numbers in D̂ must be rounded, this integer

program is infeasible. However, if we consider the conditional probability in terms of the

original data, we can construct an integer program that is feasible. Let d̂ij = oij∑
k oik

=
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nij∑
k nik

. Linearizing the second equality leads to:

0 = oij

∑
k

nik −
∑

k

oiknij = oijnij −
∑

k

oiknij + oij

∑
k 6=j

nik

= oij

∑
k 6=j

nik + (oij −
∑

k

oik)nij

∀i, j = 1, 2, 3, where O is the observed cell counts in Table 2.4. Then, A can be rewritten

using O:

A =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

−5 15 15 15 0 0 0 0 0 0 0 0 0 0 0 0

1 −19 1 1 0 0 0 0 0 0 0 0 0 0 0 0

3 3 −17 3 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 −35 20 20 20 0 0 0 0 0 0 0 0

0 0 0 0 10 −45 10 10 0 0 0 0 0 0 0 0

0 0 0 0 10 10 −45 10 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −22 3 3 3 0 0 0 0

0 0 0 0 0 0 0 0 10 −15 10 10 0 0 0 0

0 0 0 0 0 0 0 0 10 10 −15 10 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −23 12 12 12

0 0 0 0 0 0 0 0 0 0 0 0 14 −21 14 14

0 0 0 0 0 0 0 0 0 0 0 0 7 7 −28 7



In this case it can be reduced to:
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A =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

−1 3 3 3 0 0 0 0 0 0 0 0 0 0 0 0

1 −19 1 1 0 0 0 0 0 0 0 0 0 0 0 0

3 3 −17 3 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 −7 4 4 4 0 0 0 0 0 0 0 0

0 0 0 0 2 −9 2 2 0 0 0 0 0 0 0 0

0 0 0 0 2 2 −9 2 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −22 3 3 3 0 0 0 0

0 0 0 0 0 0 0 0 2 −3 2 2 0 0 0 0

0 0 0 0 0 0 0 0 2 2 −3 2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −23 12 12 12

0 0 0 0 0 0 0 0 0 0 0 0 2 −3 2 2

0 0 0 0 0 0 0 0 0 0 0 0 1 1 −4 1



Thus, sharp integer bounds can be calculated for these cells using the following integer

program:

Min nij (2.33)

s.t.
∑

i

∑
j

nij = N

oij

∑
k 6=j

nik + (oij −
∑

k

oik)nij = 0, ∀i, j = 1, 2, 3

∑
j

nij ≥ 1 ∀i

nij ≥ 0 ∀i, j

nij integer ∀i, j

Note that the simplification of coefficients in the matrix assumes knowledge of the marginal

distribution, and thus under the assumptions of this section would not be available to an

intruder. These bounds could only be calculated by the agency releasing the data.
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2.3.2 Results for 4× 4 Example

The results of the IP, Problem (2.33), as well as its linear relaxation are in Table 2.5. The

run-time results of the three different optimization software packages are in Table 2.6.

Education Level
County Low Medium High Very High
Alpha [15,15],[0.75,99] [1,1],[0.05,6.6] [3,3],[0.15,19.8] [1,1],[0.05,6.6]
Beta [20,20],[0.36,48] [10,10],[0.18,24] [10,10],[0.18,24] [15,15],[0.27,36]
Gamma [3,3],[0.12,15.84] [10,10],[0.4,52.8] [10,10],[0.4,52.8] [2,2],[0.08,10.56]
Delta [12,12],[0.34,45.26] [14,14],[0.4,52.8] [7,7],[0.2,26.4] [2,2],[0.06,7.54]

Table 2.5: IP and LP Results for 4× 4 Table

Method IP Time (seconds) LP Time (seconds)
Cplex 0.06 0.00
MATLAB’s linprog n/a 0.69
lpsolve in R 0.50 0.05

Table 2.6: 4× 4 Example: Comparison of Run-times for 3 Methods

2.4 Summary

In this chapter we have calculated sharp integer bounds for 2-way tables given the row

conditionals D (2.2). We have also developed closed-form solutions for the corresponding

linear relaxation bounds in Theorems 2.2.1 and 2.2.2. Similarly, if we were given the column

conditionals C (2.1), we could calculate both the integer bounds and the linear relaxations in

ways completely analogous to the methods employed in this chapter. We have demonstrated

these methods using two examples.
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Chapter 3

Calculating Cell Bounds Given

Conditional Probabilities:

Multi-way Tables

3.1 Setting and Notation

In this chapter we will explore k -way contingency tables, using a variety of examples: (1)

a three-way example (Abortion Data); (2) a four-way example (Clinical Trial Data); (3) a

six-way example (Czech Autoworkers Data); and (4) an eight-way example (CPS Data).

Let X = {X1, ..., Xk} be a vector of categorical random variables and let {i1, i2, ..., ik} be

the index sets corresponding to each of the random variables, where i1 = 1, ..., I1 (I1 is

the number of categories in the first random variable), i2 = 1, ..., I2, all the way up to

ik = 1, ..., Ik. Define fX(x) as the joint density of these variables and define sets of indices

I and J , s.t. I, J ⊂ {i1, ..., ik} and I ∪ J ⊆ {i1, ..., ik}. Also let XI be the vector of random

variables corresponding to those represented in I and XJ those represented in J . So XI

corresponds to those variables upon which we are conditioning, while XJ corresponds to
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all the variables that are not being conditioned upon (typically the response variable). For

instance, in a 4-way table, there would be four random variables, X1,X2,X3, and X4 with

indices i1, i2, i3, and i4, where the last variable, X4 corresponds to the response variable. In

that case, we will most often be conditioning upon the first three variables (corresponding

to X1, X2, and X3 indices) so that XI = {X1, X2, X3} and XJ = {X4}.

Using this notation, the observed full conditional probabilities are represented by

d̂IJ =
oIJ

oI .
=

oIJ∑
J oIJ

which is an estimate of the actual conditional probability P (Xk|X1 = i1, ..., Xk−1 = ik−1).

This is a direct extension of the notation in Section 2.1.

Using this notation, we can write an integer problem based on the full conditionals in the

same form:

Min nIJ

s.t.
∑
I,J

nIJ = N

oIJ

∑
h6=J

nIh + (oIJ − 1)nIJ = 0, ∀ I, J = 1, 2

∑
J

nIJ ≥ 1 ∀ I

nI,J ≥ 0 ∀I, J

nI,J integer ∀ I, J
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The linear relaxation to this problem is below:

Min nIJ (3.1)

s.t.
∑
I,J

nIJ = N (3.2)

oIJ

∑
h6=J

nIh + (oIJ − 1)nIJ = 0, ∀ I, J = 1, ..., ik − 1 (3.3)

∑
J

nIJ ≥ 1 ∀ I (3.4)

nI,J ≥ 0 ∀I, J

3.2 Closed-Form Bounds for k-way Tables Given Conditional

Probabilities

3.2.1 Closed-Form Bounds for k-way Tables Given Full Conditionals

Theorem 2.2.1 can easily be extended to the case of k -way tables, because when considering

full conditionals we have essentially collapsed the problem from a k -way table to a 2-way

table with dimensions I1I2 · ... · Ik−1 × Ik. The proof is very similar to that of Theorem

2.2.1.

Theorem 3.2.1 Assume we have a k-way contingency table. Based on the full conditional

probabilities, d̂IJ and the sample size, N , we can construct a linear program of the form

(3.1). This linear program is minimized at nIJ = d̂IJ . That is, the lower bound of the cell

represented in the objective function is equal to its associated conditional probability.

Proof Note that the lower bound for nIJ cannot be zero, because if it were, the other cells

which define its conditional distribution would be forced to zero by (3.3). This cannot hap-

pen because of constraints (3.4). The constraints (3.3) are derived from the the conditional

probability relationship d̂IJ = nIJ∑
J nIJ

. Since (3.4) holds, and nIJ is minimized when its
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marginal is as small as possible, nIJ will be minimized when its marginal is 1, which forces

nIJ to be precisely equal to d̂IJ , its conditional probability.

We can extend Theorem 2.2.2 similarly. Let R be the number of nonzero marginals (i.e.

the number of rows which sum to a nonzero number) in the 2-way table that is constructed

from the k-way table. If there are no nonzero marginals, R = I1I2 · ... · Ik−1.

Theorem 3.2.2 Assuming the a k-way contingency table and LP as in Theorem 2.2.1, the

linear program is maximized at (N − (R− 1))d̂IJ for the IJ th cell.

Proof Since we are maximizing nIJ , the marginal total for each of the rows (beside the

Ith row) in the contingency table will be as small as possible, namely 1, as required by

constraints (3.4). This is possible because each of the cells can have a value equal to their

conditional probability, as shown in Theorem 3.2.1. Thus, for all but the ith row, the

marginal total is 1. So now there are N − (R − 1) counts to distribute among the cells

in row I. Since constraints (3.3) are derived from the given conditional probabilities (i.e.

d̂IJ = nIJ∑
J nIJ

), the largest nIJ can be is the value which satisfies nIJ
N−(R−1)) = d̂IJ which

means nIJ is maximized at nIJ = (N − (R−1))d̂IJ , which is what we wanted to show.

Thus, the linear relaxation bounds for the IJ th cell are given by

d̂IJ ≤ nIJ ≤ (N − (R− 1))d̂IJ (3.5)

3.2.2 Closed-Form Bounds for k-way Tables Given Partial Conditionals

We can also develop linear relaxation bounds for partial conditionals. As in Section 3.1, let

XI ⊂ X be the set of random variables being conditioned on, while XJ ⊂ X is the set of

random variables we are not conditioning on, though in this case XI ∪XJ ⊂ X (i.e. not all

k of the variables are being considered in this conditional probability). Let XK ⊂ X be the
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variables not being considered in the conditional probability. In this case, we collapse over

the variables in XK to get to a 2-way table (see Section 3.4 for examples of this).

Then, the conditional probabilities P (XJ |XI) are estimated from the observed counts using

d̂IJ . =
∑

K oIJK∑
J

∑
K oIJK

(3.6)

We define R to be the number of nonzero marginals in the collapsed table defined by the

given partial conditionals. If there are no nonzero marginals, R =
∏

j:Xj∈XJ
Ij .

Based upon this we can define the following linear program that will result in bounds on

each cell in the original k -way table:

min nIJK (3.7)

s.t.
∑

I

∑
J

∑
K

nIJK = N∑
K oIJK∑

J

∑
K oIJK

=
∑

K nIJK∑
J

∑
K nIJK

∀I, J (3.8)∑
J

∑
K

nIJK ≥ 1 ∀I (3.9)

nIJK ≥ 0 ∀I, J,K (3.10)

where constraint (3.8) can be linearized in the evident way, and comes from the partial

conditional probability defined in (3.6). The integer program is the same, except integer

constraints are added.

Theorem 3.2.3 Assume we have a k-way contingency table. Let XI ⊂ X, XJ ⊂ X,

XK ⊂ X, and XI ∪XJ ∪XK = X. Based on the partial conditionals, d̂IJ . = P (XJ |XI), an

LP of the form (3.7) can be constructed. In this LP, the cell nIJK is minimized at nIJK = 0

and maximized at nIJK = (N − (R− 1))d̂IJ .

Proof We will first show the maximization, for cell nIJK . Since we are maximizing, each
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of the margins defined by (3.9) (besides the Ith row) should be as small as possible, at their

lower bound of 1. Since R represents the number of margins, satisfying those constraints

will take R − 1 units, which leaves N − (R − 1) counts to be distributed among the cells

in the Ith margin. Then by (3.8) and (3.6) we have the relationship
∑

K nIJK

N−(R−1) = d̂IJ . which

implies that for
∑

K nIJK , the maximum value is
∑

K nIJK = (N − (R− 1))d̂IJ . But since

there are no constraints on this sum (i.e. it does not define a margin in this situation), we

can set any element of this sum to (N − (R − 1))d̂IJ . and the rest of the cells to 0. Thus,∑
K nIJK = (N − (R− 1))d̂IJ .⇒ nIJK = (N − (R − 1))d̂IJ . and so nIJK is maximized at

that point.

However, note that the cell nIJK could be set to 0 as well, letting some other cell or

combination of cells in
∑

K nIJK be (N − (R − 1))d̂IJ . Thus, the minimum value of nIJK

is 0.

3.3 Cell Bounds for a 3 × 3 × 3 Table, Given Conditional

Probabilities and Sample Size

Table 3.3 has data from the 1972 National Opinion Research Center General Society Survey

regarding the attitude of white Christians toward abortion. This dataset is due to Haberman

[31] and has a sample size of N = 1055.

Attitudes
Religion Education Positive Mixed Negative

≤ 8 9 16 41
North Protestant 9 - 12 85 52 105

≥ 13 77 30 38
≤ 8 8 8 46

South Protestant 9 - 12 35 29 54
≥ 13 37 15 22
≤ 8 11 14 38

Catholic 9 - 12 47 35 115
≥ 13 25 21 42

Table 3.1: Data Describing Attitude of White Christians Toward Abortion in 1972
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3.3.1 Formulation of Optimization Problems for 3-way Example

Let X1 = Religion (i1 = 1, 2, 3), X2 = Education Level (i2 = 1, 2, 3), and X3 = Attitude

(i3 = 1, 2, 3), and let oi1,i2,i3 be the observed value in the appropriate cell. Thus, I = {i1, i2}

and J = {i3}. Then, the full conditionals are D = P (Attitude|Religion,Education) = pJ |I .

If we are given the observed conditionals, d̂IJ , in addition to the sample size, we can

construct an integer program to calculate sharp bounds on the cells just as we have done

before (Sections 2.2.1 and 2.3.1), as shown below in components:

Min ni1i2i3

s.t.
∑
i1

∑
i2

∑
i3

ni1i2i3 = N

d̂i1i2i3

∑
h6=i3

ni1i2h + (d̂i1i2i3 − 1)ni1i2i3 = 0, ∀i1, i2, i3 = 1, 2

∑
i3

ni1i2i3 ≥ 1 ∀i1, i2

ni1i2i3 ≥ 0 ∀i1, i2, i3

ni1i2i3 integer ∀i1, i2, i3

To see how this optimization program was constructed, see Sections 2.2 and 2.3. This

formulation is a direct extension of the formulations presented in those sections.

Using the index sets defined at this beginning of this section, we can rewrite the above IP
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more concisely:

Min nIJ

s.t.
∑
I,J

nIJ = N

d̂IJ

∑
h6=J

nIh + (d̂IJ − 1)nIJ = 0, ∀ I, J = 1, 2

∑
J

nIJ ≥ 1 ∀ I

nI,J ≥ 0 ∀I, J

nI,J integer ∀ I, J

As in Section 2.3, the necessity of rounding the conditional probabilities renders the above

IP infeasible. So instead we assume that we have access to the original data (as the data

suppliers do) and, assuming the original data in Table 3.3 is denoted by O:

Min nIJ

s.t.
∑
I,J

nIJ = N

oIJ

∑
h6=J

nIh + (oIJ − 1)nIJ = 0, ∀ I, J = 1, 2

∑
J

nIJ ≥ 1 ∀ I

nI,J ≥ 0 ∀I, J

nI,J integer ∀ I, J
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The linear relaxation to this problem is below:

Min nIJ

s.t.
∑
I,J

nIJ = N

oIJ

∑
h6=J

nIh + (oIJ − 1)nIJ = 0, ∀ I, J = 1, 2

∑
J

nIJ ≥ 1 ∀ I

nI,J ≥ 0 ∀I, J

Note that these IP’s use general notation that can stretch to include any multi-way table

simply by changing the sets I and J .

3.3.2 Results for 3-way Example

The results of the IP and linear relaxation problems defined in the previous section are in

Table 3.3.2, and a comparison of the run-times for three methods is in Table 3.3. Note that

for the integer program, the lpsolve in R failed to provide a solution.

3.4 Cell Bounds for a 4-way Example, Given Conditional

Probabilities and Sample Size

This 2 × 2 × 2 × 3 dataset, with N = 193, is due to Koch [35], and shows the number of

patients in a clinical trial for an analgesic drug that make recoveries. These patients are

given one of two treatments, have one of two possible statuses, and are treated in one of

two centers. There are small counts in this dataset, and even some sampling zeros, as can

be seen in Table 3.4.
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Attitudes
Religion Education Positive Mixed Negative

≤ 8 [9,9],
[0.14,142.77]

[16,16],
[0.24,253.82]

[41,41],
[0.62,650.41]

North
Protestant

9 - 12 [85,85],
[0.35,367.75]

[52,52],
[0.21,224.98]

[105,105],
[0.43,454.28]

≥ 13 [77,77],
[0.53,555.99]

[30,30],
[0.21,216.62]

[38,38],
[0.26,274.39]

≤ 8 [8,8],
[0.13,135.10]

[8,8],
[0.13,135.10]

[46,46],
[0.74,776.81]

South
Protestant

9 - 12 [35,35],
[0.30,310.55]

[29,29],
[0.25,257.31]

[54,54],
[0.46,479.14]

≥ 13 [37,37],
[0.50,523.50]

[15,15],
[0.20,212.23]

[22,22],
[0.30,311.27]

≤ 8 [11,11],
[0.17,182.81]

[14,14],
[0.22,232.67]

[38,38],
[0.60,631.52]

Catholic 9 - 12 [47,47],
[0.24,249.79]

[35,35],
[0.18,186.02]

[115,115],
[0.58,611.19]

≥ 13 [25,25],
[0.28,297.44]

[21,21],
[0.24,249.85]

[42,42],
[0.48,499.70]

Table 3.2: IP and Linear Relaxation Results for Abortion Data

Method IP Time (seconds) LP Time (seconds)
Cplex 0.57 0.00
MATLAB’s linprog n/a 0.90
lpsolve in R n/a 0.12

Table 3.3: 3-way Example: Comparison of Run-times for 3 Methods

3.4.1 Formulation of Optimization Problems: 4-way Example

Let X1 = Center (i1 = 1, 2), X2 = Status (i2 = 1, 2), X3 = Treatment (i3 = 1, 2), and

X4 = Recovery (i4 = 1, 2, 3), and let oi1i2i3i4 be the observed value in the appropriate cell.

Thus, I = {i1, i2, i3} and J = {i4}.

Then, the observed full conditionals are D̂ = P (Recovery|Center, Status, Treatment). For

instance, d̂1111 = P (R = Poor|C = 1, S = 1, T = 1) = 3
3+20+5 = 0.107 and d̂2213 = P (R =

Excellent|C = 2, S = 2, T = 1) = 4
3+9+4 = 0.25.

The formulation uses the same structure as the previous examples (see Section 3.3.1 and
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Recovery
Center Status Treatment Poor Modest Excellent
1 1 1 3 20 5

2 11 14 8
2 1 3 14 12

2 6 13 5
2 1 1 12 12 0

2 11 10 0
2 1 3 9 4

2 6 9 3

Table 3.4: Clinical Trial Data

Recovery
Center Status Treatment Poor Modest Excellent
1 1 1 0.107 0.714 0.179

2 0.333 0.424 0.243
2 1 0.103 0.483 0.414

2 0.25 0.542 0.208
2 1 1 0.5 0.5 0

2 0.524 0.476 0
2 1 0.188 0.562 0.25

2 0.333 0.5 0.167

Table 3.5: Full Conditionals for Clinical Trial Data

Appendix A). Similar to early examples, the integer program formulation with the condi-

tional probabilities is infeasible, so we must use the original data. The linear relaxation of

this integer program can be constructed by removing the integer constraints.

3.4.2 Results for 4-way Example

The results of this IP, as well as its linear relaxation, are in Table 3.6.

We can also use the conditional probabilities (instead of the original data) for the linear

relaxation, and the results are very similar, though slightly different due to the rounding

issues that preclude us from solving the integer program with the conditional probabilities

in the first place.
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Center Status Treatment Poor Modest Excellent
1 1 1 [3,6],

[0.11,19.93]
[20,40],
[0.71,132.86]

[5,10],
[0.18,33.21]

2 11, [0.33,62] 14, [0.42,78.91] 8, [0.24,45.09]
2 1 3, [0.10,19.24] 14, [0.48,89.79] 12, [0.41,76.97]

2 [6,12],
[0.25,46.5]

[13,26],
[0.54,100.75]

[5,10],
[0.21,38.75]

2 1 1 [1,18], [0.5,93] [1,18], [0.5,93] 0
2 11, [0.52,97.43] 10, [0.48,88.57] 0

2 1 [3,9],
[0.19,34.88]

[9,27],
[0.56,104.63]

[4,12],
[0.25,46.5]

2 [2,12], [0.33,62] [3,18], [0.5,93] [1,6], [0.17,31]

Table 3.6: IP and LP Relaxation bounds for Clinical Trial Data given Full Conditionals
and Sample Size

Table 3.7 compares the 3 methods with respect to run-time.

Method IP Time (seconds) LP Time (seconds)
Cplex 0.05 0.00
MATLAB’s linprog n/a 0.83
lpsolve in R 3.58 0.08

Table 3.7: 4-way Example: Comparison of Run-times for 3 Methods

In this example and in the 2 × 2 example, the sharp integer bounds do not determine the

original table uniquely (evident because the lower bound does not equal the upper bound).

In some of the earlier examples such as the 4× 4 and 3 -way datasets, the original table was

uniquely determined. The reason some examples allow the original counts to be uniquely

determined is yet to be established.

3.4.3 4-way Example Given Partial Conditionals: P (Trt|Center, Status)

In addition to examining the cell bounds produced given the full conditionals, P (R|CST ),

we can also look at conditionals involving subsets of the data. For these “small conditionals”

we will resort to components notation, though each of the following linear programs is

equivalent to the one defined in (3.7).
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Suppose the agency releases the small conditional, P (Treatment|Center, Status). This can

be calculated from the original data:

P (T |CS) = d̂i1i2i3 . =

∑
i4
oi1i2i3i4∑

i3

∑
i4
oi1i2i3i4

(3.11)

Referring to notation in Section 3.2.2, I = {i1, i2}, J = {i3}, and K = {i4}.

These partial conditionals are calculated and shown in Table 3.8, along with the actual

counts for each of these cells.

Center Status 1 2
1 1 0.459 [28] 0.541 [33]

2 0.547 [29] 0.453 [24]
2 1 0.533 [24] 0.467 [21]

2 0.471 [16] 0.529 [18]

Table 3.8: Treatment|Center, Status Conditionals and Counts for Clinical Trial Data

Based on this partial conditional as the only given information, the following integer pro-

gram can be constructed, which will produce sharp bounds on each cell (using original data

instead of conditionals because of rounding issues):

min ni1i2i3i4

s.t.
∑
i1

∑
i2

∑
i3

∑
i4

ni1i2i3i4 = N

− oi1i22.
∑
i4

ni1i21i4 + oi1i21.
∑
i4

ni1i22i4 = 0 ∀i1, i2 (3.12)

∑
i3

∑
i4

ni1i2i3i4 ≥ 1 ∀i1, i2 (3.13)

ni1i2i3i4 ≥ 0 ∀i1, i2, i3, i4

ni1i2i3i4 integer ∀i1, i2, i3, i4

Constraint (3.12) is derived from the d̂i1i2i3 .’s as well as from the fact that once we know
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d̂i1i21., d̂i1i22. is known.

Also, the marginal constraints serve to deter the optimization from considering situations

in which there would be a zero marginal, in which case the conditionals do not exist. So

in the case of released P (T |CS), the margin of interest is ni1i2 .. =
∑

i3

∑
i4
ni1i2i3i4 , as in

(3.13).

The linear relaxation is the same as the above IP except that the integer constraints are

removed.

Center Status Treatment Poor Modest Excellent
1 1 1 [0,28], [0,87.21] [0,28], [0,87.21] [0,28], [0,87.21]

2 [0,33], [0,102.79] [0,33], [0,102.79] [0,33], [0,102.79]
2 1 [0,29], [0,103.96] [0,29], [0,103.96] [0,29], [0,103.96]

2 [0,24], [0,86.04] [0,24], [0,86.04] [0,24], [0,86.04]
2 1 1 [0,24], [0,101.33] [0,24], [0,101.33] [0,24], [0,101.33]

2 [0,21], [0,88.67] [0,21], [0,88.67] [0,21], [0,88.67]
2 1 [0,16], [0,89.41] [0,16], [0,89.41] [0,16], [0,89.41]

2 [0,18], [0,100.59] [0,18], [0,100.59] [0,18], [0,100.59]

Table 3.9: IP and LP bounds for Clinical Trial Data, given T |CS Conditional Probabilities
and Original Data

Notice that these bounds are substantially wider than the bounds calculated when given

the full conditionals because less information is inherent in the release of these small condi-

tionals. Now, the information concerning the two cells with zero counts is lost. Also, since

constraints (3.12) and (3.13) involve summing over the response variable, nothing restricts

the IP or LP from setting lower bounds to zero, which it does for all cells.

Another interesting observation is that the sharp integer upper bound is the same as the

counts in the marginal table defined by Treatment × [Center, Status]. This seems to be

consistent among all the partial conditionals that we looked at. Further, it is known that

if we are given a marginal table we can deduce a lower bound of zero and an upper bound

equal to the corresponding cell count in this marginal table. It appears as if the bounds

given the partial conditionals are the same as those given the corresponding marginal table.

This has not been formalized, but we consistently observe it in each of our subsequent
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examples.

One other note: the LP bounds shown here are calculated using the original data. Similar

bounds could be obtained using the conditional probabilities found in Table 3.8. These

bounds are slightly, though not substantially, different due to the rounding that is forced

upon the conditional probabilities.

3.4.4 4-way Example Given Partial Conditionals: P (Center, Status|Trt)

For this partial conditional, P (CS|T ) =
∑

i4
oi1i2i3i4∑

i1

∑
i2

∑
i4

oi1i2i3i4
= oi1i2i3

.

o..i3 . . These are (rounded

and) shown in Table 3.10, along with the actual counts. In this case, I = {i3}, J = {i1, i2},

and K = {i4}. Notice that as shown in Table 3.10, this has essentially been collapsed down

into a two-way problem (see Tables 2.1 and 2.4). In fact, this is the case for any multi-way

table (see, for instance, Table 3.17).

Treatment 11 12 21 22
1 0.289 [28] 0.299 [29] 0.247 [24] 0.165 [16]
2 0.344 [33] 0.25 [24] 0.219 [21] 0.187 [18]

Table 3.10: Center, Status|Treatment Conditionals and Counts for Clinical Trial Data

min ni1i2i3i4

s.t.
∑
i1

∑
i2

∑
i3

∑
i4

ni1i2i3i4 = N

o..i3 .
∑
i4

ni1i2i3i4 − oi1i2i3 .
∑
i1

∑
i2

∑
i4

ni1i2i3i4 = 0 ∀i1, i2, i3 (3.14)

∑
i1

∑
i2

∑
i4

ni1i2i3i4 ≥ 1 ∀i3 (3.15)

ni1i2i3i4 ≥ 0 ∀i1, i2, i3, i4

ni1i2i3i4 integer ∀i1, i2, i3, i4

44



The linear relaxation is a linear program that is the same as the above integer program

except that the integer constraints are removed.

Center Status Treatment Poor Modest Excellent
1 1 1 [0,28], [0,55.42] [0,28], [0,55.42] [0,28], [0,55.42]

2 [0,33], [0,66.00] [0,33], [0,66.00] [0,33], [0,66.00]
2 1 [0,29], [0,57.4] [0,29], [0,57.4] [0,29], [0,57.4]

2 [0,24], [0,48.00] [0,24], [0,48.00] [0,24], [0,48.00]
2 1 1 [0,24], [0,47.51] [0,24], [0,47.51] [0,24], [0,47.51]

2 [0,21], [0,42.00] [0,21], [0,42.00] [0,21], [0,42.00]
2 1 [0,16], [0,31.67] [0,16], [0,31.67] [0,16], [0,31.67]

2 [0,18], [0,36.00] [0,18], [0,36.00] [0,18], [0,36.00]

Table 3.11: IP and LP bounds for Clinical Trial Data, given CS|T Conditional Probabilities
and Original Data

Notice that the IP bounds are the same in this case as when P (T |CS) is released, but the

LP relaxation bounds are not nearly as wide. Also, the IP upper bounds are the same as

the original marginal table of (Treatment)× (Center, Status) (Table 3.10).

3.4.5 4-way Example Given Partial Conditionals: P (Response|Trt)

In this case, P (R|T ) =
∑

i1

∑
i2

oi1i2i3i4∑
i1

∑
i2

∑
i4

oi1i2i3i4
= o..i3i4

o..i3 .

Treatment Poor Modest Excellent
1 0.216 [21] 0.567 [55] 0.217 [21]
2 0.354 [34] 0.479 [46] 0.167 [16]

Table 3.12: Response|Treatment Conditionals and Counts for Clinical Trial Data
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min ni1i2i3i4 (3.16)

s.t.
∑
i1

∑
i2

∑
i3

∑
i4

ni1i2i3i4 = N

o..i3 .
∑
i1

∑
i2

ni1i2i3i4 − o..i3i4

∑
i1

∑
i2

∑
i4

ni1i2i3i4 = 0 ∀i3, i4 (3.17)

∑
i1

∑
i2

∑
i4

ni1i2i3i4 ≥ 1 ∀i3 (3.18)

ni1i2i3i4 ≥ 0 ∀i1, i2, i3, i4

ni1i2i3i4 integer ∀i1, i2, i3, i4

The linear relaxation is constructed similarly, minus the integer constraints. The results

to both the IP and the linear relaxation are in Table 3.13. Again, notice that the upper

bounds in this table correspond to the counts in the Response×Treatment marginal table

(Table 3.12).

Center Status Treatment Poor Modest Excellent
1 1 1 [0,21], [0,41.57] [0,55], [0,108.87] [0,21], [0,41.57]

2 [0,34], [0,68.00] [0,46], [0,92.00] [0,16], [0,32.00]
2 1 [0,21], [0,41.57] [0,55], [0,108.87] [0,21], [0,41.57]

2 [0,34], [0,68.00] [0,46], [0,92.00] [0,16], [0,32.00]
2 1 1 [0,21], [0,41.57] [0,55], [0,108.87] [0,21], [0,41.57]

2 [0,34], [0,68.00] [0,46], [0,92.00] [0,16], [0,32.00]
2 1 [0,21], [0,41.57] [0,55], [0,108.87] [0,21], [0,41.57]

2 [0,34], [0,68.00] [0,46], [0,92.00] [0,16], [0,32.00]

Table 3.13: IP and LP bounds for Clinical Trial Data, given R|T Conditional Probabilities
and Original Data

3.4.6 4-way Example Given Partial Conditionals: P (Response|Center, Status)

For this partial conditional, P (R|CS) =
∑

i3
oi1i2i3i4∑

i3

∑
` oi1i2i3`

= oi1i2
.i4

oi1i2
.. = ai1i2i4 , where ` is an

index with the same domain as i4 (` = 1, 2, 3) and the elements of A is in Table .
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Center Status Poor Modest Excellent
1 1 0.230 [14] 0.557 [34] 0.213 [13]

2 0.170 [9] 0.509 [27] 0.321 [17]
2 1 0.511 [23] 0.489 [22] 0 [0]

2 0.265 [9] 0.529 [18] 0.206 [7]

Table 3.14: Response|Center, Status Conditionals for Clinical Trial Data

min ni1i2i3i4 (3.19)

s.t.
∑
i1

∑
i2

∑
i3

∑
i4

ni1i2i3i4 = N

oi1i2 ..
∑
i3

ni1i2i3i4 − oi1i2 .i4
∑
i3

∑
i4

ni1i2i3i4 = 0 ∀i1, i2, i4 (3.20)

∑
i3

∑
i4

ni1i2i3i4 ≥ 1 ∀i1, i2 (3.21)

ni1i2i3i4 ≥ 0 ∀i1, i2, i3, i4

ni1i2i3i4 integer ∀i1, i2, i3, i4

Constraint (3.20) can be rewritten. This allows the problem to be formulated more easily

in software such as MATLAB that solves the problem based on standard form matrices and

vectors.

Recall that we are representing the observed conditional probabilities by P (R|CS) = ai1i2i4 .

Thus, we have as the basis for this constraint, P (R|CS) = ai1i2i4 =
∑

i3
ni1i2i3i4∑

i3

∑
` ni1i2i3`

. This can

be rewritten

ai1i2i4

∑
i3

∑
`

ni1i2i3` −
∑
i3

ni1i2i3i4 = ai1i2i4

∑
i3

ni1i2i3i4 + ai1i2i4

∑
i3

∑
`6=i4

ni1i2i3` −
∑
i3

ni1i2i3i4

= ai1i2i4

∑
i3

∑
`6=i4

ni1i2i3` − (1− ai1i2i4)
∑
i3

ni1i2i3i4 = 0

These are constraints ∀i1, i2, i4 = 1, 2 (because ai1i21 + ai1i22 = 1− ai1i23).
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Center Status Treatment Poor Modest Excellent
1 1 1 [0,14], [0,43.61] [0,34], [0,105.90] [0,13], [0,40.49]

2 [0,14], [0,43.61] [0,34], [0,105.90] [0,13], [0,40.49]
2 1 [0,9], [0,32.26] [0,27], [0,96.79] [0,17], [0,60.94]

2 [0,9], [0,32.26] [0,27], [0,96.79] [0,17], [0,60.94]
2 1 1 [0,23], [0,97.11] [0,22], [0,92.89] 0,0

2 [0,23], [0,97.11] [0,22], [0,92.89] 0, 0
2 1 [0,9], [0,50.29] [0,18], [0,100.59] [0,7], [0,39.12]

2 [0,9], [0,50.29] [0,18], [0,100.59] [0,7], [0,39.12]

Table 3.15: IP and LP bounds for Clinical Trial Data, given R|CS Conditional Probabilities
and Original Data

3.5 Cell Bounds for a 6-way Table Given Conditional Prob-

abilities and Sample Size

This 26 dataset is due to Edwards and Havranek [22] and includes data on 1841 Czech

Autoworkers, recording prognostic factors for coronary heart disease. The variables were

originally labeled A through F, but are renamed to remain consistent with our notation.

They are defined as follows: X1 indicates family anamnesis of coronary heart disease (in-

dexed by i1); X2 shows whether the ratio of β to α lipoproteins is above or below 3 (indexed

by i2); X3 records whether systolic pressure is above or below 140 (indexed by i3); X4 indi-

cates whether or not the person is engaged in strenuous physical labor (indexed by i4); X5

indicates whether or not the person is engaged in strenuous mental work (indexed by i5);

and X6 indicates whether or not the person smokes (indexed by i6).

Table 3.16 has the data, O. Table 3.17 is the row conditionals, D̂, and we can read the

conditionals this table. For instance,

d̂111111 = P (X6 = no|X1 = neg,X2 =‘< 3’, X3 = ‘< 140’, X4 = no,X5 = no) = 0.167

d̂121212 = P (X6|X1 = neg,X2 =‘≥ 3’, X3 =‘< 140’, X4 = yes,X5 = no) = 0.615
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3.5.1 Formulation of Optimization Problems for 6-way Example

To clarify, and using the notation introduced at the beginning of this section, let I =

{i1, i2, i3, i4, i5} and J = {i6}. Then, using the same structure as in Appendix A, the integer

and linear program can be constructed. The sample size is N = 1841. Again, because of

rounding issues, we used the original data instead of the conditional probabilities.

3.5.2 Results for 6-way Example

The results of the integer program and its linear relaxation for the 6-way example are in

Table 3.18. Note that lpsolve in R failed to provide a solution for the integer program.

3.6 Cell Bounds for 8-way Table Given Conditional Proba-

bilities and Sample Size

This dataset comes from the Census Bureau’s 1993 CPS, and includes 8 variables and a

sample size of 48, 842. Table 3.20 gives the variables, number of levels, and their levels.

We will take Salary to be the response variable, and so the full conditionals will be

P (Salary|HrsWorked, Sex,Race,Marital Status,Employment,Age) (3.22)

In the full conditionals for this dataset, we have many margins which are zero. This presents

the question as to how to treat these rows, as most inferential procedures proceed under the

assumptions that the margins are greater than zero. One possibility is to collapse certain

variables to fewer categories, while another option would be to treat those variables as

identical to zero.
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From the perspective of the agency releasing the data, conditionals with zero marginals

are undefined, and would be of little use to those who would want to do inference on the

data. Thus, collapsing the table in such a way that no margins are zero is probably the best

solution. However, for this dataset, significantly collapsing those variables with four and

five categories still does not result in nonzero margins. Also, there seems to be no guidance

in the Working Paper 22 by the Federal Committee on Statistical Methodology [58] that

would inform this. Thus, we will just assume that any “conditional probability” from a row

with a margin of zero is zero itself.

3.6.1 Formulation of Optimization Problems for 8-way Example

To facilitate our standard notation, let I = {i1, i2, i3, i4, i5, i6, i7} and J = {i8}.

Note that there are 24 ∗ 32 ∗ 4 ∗ 5 = 2880 decision variables (cells) and a similar amount of

constraints. However, as discussed above, there are many zero marginals in this dataset.

To handle this, we will set all cells in which there is a marginal zero to zero itself. We will

not even optimize it: nIJ = 0 if
∑

J oIJ = 0.

min nIJ∀ IJ s.t.
∑
J

oIJ ≥ 1

s.t.
∑
IJ

nIJ = N

− oI2nI1 + oI1nI2 = 0, ∀I (3.23)∑
J

nIJ ≥ 1 ∀I s.t
∑
J

oIJ ≥ 1

nIJ ≥ 0 ∀IJ

nIJ integer ∀IJ

where (3.23) is a constraint which arises from the given full conditionals and is derived as
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follows:

dIJ =
nIJ∑
J nIJ

⇔ (3.24)

(dIJ − 1)nIJ + dIJ

∑
h6=J

nIu = 0⇔ (3.25)

(dI1 − 1)nI1 + dI1

∑
u6=J

nI2 = 0⇔ (3.26)

−dI2nI1 + dI1nI2 = 0 (3.27)

where (3.26) and (3.27) come from the fact that the response variable, Salary, (which has

the subscript t) has only two levels. Other than handling the marginal zeros, this is the

same structurally as shown in Appendix A.

3.6.2 Results for 8-way Example

The results are too numerous to give in their entirety. Instead, we present an interesting

subset of the results in Table 3.22. For convenience, we present the corresponding original

data in Table 3.21.

These results are consistent with those from the other examples. Overall, the IP results are

often significantly narrower than the bounds from the linear relaxation.

The IP lower bounds are often the same as the original data. Because of this, it would

seem inadvisable to release the full conditional probabilities. However, we have found that

for datasets of any significant size the sharp integer bounds cannot be calculated using the

conditional probabilities because of rounding issues. In fact, the original counts must be

given for the integer program to provide bounds. Since the agency releasing the data could

check this before releasing the conditionals, they could potentially release the conditional

probabilities knowing that the sharp bounds could not be deduced.

When the lower bounds are not the same as the original data, it seems to be because the
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fraction which defines the conditional probabilities can be reduced. If this is the case, the

IP lower bound is reduced by that same factor (see Section 4.1 for an example).

As we proved in Theorems 3.2.1 and 3.2.2, the LP lower bound for a particular cell is

equal to the conditional probability associated with that cell. Additionally, using Table

3.20 we see that there are 3 ∗ 4 ∗ 5 ∗ 2 ∗ 2 ∗ 2 ∗ 3 = 1440 rows in the collapsed 2 -way table.

However, if the data are examined we find that 302 of the rows have zero marginals. Thus,

R = 1440−302 = 1138, where R is as defined in Section 3.2.1. Thus, each LP upper bound

can be calculated as

(N − (R− 1))d̂IJ = (48842− 1137)d̂IJ = 47705d̂IJ

The comparison of optimization method run-time is in Table 3.23. Note that the IP was

solved on a batch system using a single node with Dual 3.06 GHz Intel Xeon Processors

or Dual 3.2 Ghz Intel Xeon Processors and 4 GB of ECC RAM. Details about this system

can be accessed at http://gears.aset.psu.edu/hpc/systems/lionxm/. Also, neither the integer

program or its linear relaxation was solved (or run) on the ”hammer” system (see Section

1.4) in lpsolve in R.
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X1 X2 X3 X4 X5 X6 no yes Total
neg < 3 < 140 no no 44 40 84

yes 112 67 179
yes no 129 145 274

yes 12 23 35
≥ 140 no no 35 12 47

yes 80 33 113
yes no 109 67 176

yes 7 9 16
≥ 3 <140 no no 23 32 55

yes 70 66 136
yes no 50 80 130

yes 7 13 20
≥ 140 no no 24 25 49

yes 73 57 130
yes no 51 63 114

yes 7 16 23
pos < 3 < 140 no no 5 7 12

yes 21 9 30
yes no 9 17 26

yes 1 4 5
≥ 140 no no 4 3 7

yes 11 8 19
yes no 14 17 31

yes 5 2 7
≥ 3 <140 no no 7 3 10

yes 14 14 28
yes no 9 16 25

yes 2 3 5
≥ 140 no no 4 0 4

yes 13 11 24
yes no 5 14 19

yes 4 4 8

Table 3.16: Czech Autoworkers Data
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X1 X2 X3 X4 X5 X6 no yes
neg < 3 < 140 no no 0.524 0.476

yes 0.626 0.374
yes no 0.471 0.529

yes 0.343 0.657
≥ 140 no no 0.745 0.255

yes 0.708 0.292
yes no 0.619 0.381

yes 0.4375 0.5625
≥ 3 <140 no no 0.418 0.582

yes 0.515 0.485
yes no 0.385 0.615

yes 0.35 0.65
≥ 140 no no 0.490 0.510

yes 0.562 0.438
yes no 0.447 0.553

yes 0.304 0.696
pos < 3 < 140 no no 0.417 .583

yes 0.7 0.3
yes no 0.346 0.654

yes 0.2 0.8
≥ 140 no no 0.571 0.429

yes 0.579 0.421
yes no 0.452 0.548

yes 0.714 0.286
≥ 3 <140 no no 0.7 0.3

yes 0.5 0.5
yes no 0.36 0.64

yes 0.4 0.6
≥ 140 no no 1 0

yes 0.542 0.458
yes no 0.263 0.727

yes 0.5 0.5

Table 3.17: Full Conditional Probabilities for Czech Autoworkers Data
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X1 X2 X3 X4 X5 X6 no yes
neg < 3 < 140 no no [11,209],[0.52,948.1] [10,190],[0.48,861.9]

yes [112,336],[0.63,1132.51] [67,201],[0.37,677.49]
yes no [129,258],[0.47,852.15] [145,290],[0.53,957.85]

yes [12,132],[0.34,620.57] [23,253],[0.66,1189.43]
≥ 140 no no [35,315],[0.74,1347.87] [12,108],[0.26,462.13]

yes [80,320],[0.71,1281.42] [33,132],[0.29,528.58]
yes no [109,327],[0.62,1120.97] [67,201],[0.38,689.03]

yes [7,168],[0.44,791.88] [9,216],[0.56,1018.12]
≥ 3 <140 no no [23,161],[0.42,756.91] [32,224],[0.58,1053.09]

yes [35,210],[0.51,931.62] [33,198],[0.49,878.38]
yes no [5,150],[0.38,696.15] [8,240],[0.62,1113.85]

yes [7,133],[0.35,633.5] [13,247],[0.65,1176.5]
≥ 140 no no [24,192],[0.49,886.53] [25,200],[0.51,923.47]

yes [73,219],[0.56,1016.38] [57,171],[0.44,793.62]
yes no [17,170],[0.45,809.74] [21,210],[0.55,1000.26]

yes [7,119],[0.3,550.87] [16,272],[0.7,1259.13]
pos < 3 < 140 no no [5,160],[0.42,754.17] [7,224],[0.58,1055.83]

yes [7,266],[0.7,1267] [3,114],[0.3,543]
yes no [9,135],[0.35,626.54] [17,255],[0.65,1183.46]

yes [1,76],[0.2,362] [4,304],[0.8,1448]
≥ 140 no no [4,220],[0.57,1034.29] [3,165],[0.43,775.71]

yes [11,220],[0.58,1047.89] [8,160],[0.42,762.11]
yes no [14,182],[0.45,817.42] [17,221],[0.55,992.58]

yes [5,275],[0.71,1292.86] [2,110],[0.29,517.14]
≥ 3 <140 no no [7,266],[0.7,1267] [3,114],[0.3,543]

yes [1,190],[0.5,905] [1,190],[0.5,905]
yes no [9,144],[0.36,651.6] [16,256],[0.64,1158.4]

yes [2,152],[0.4,724] [3,228],[0.6,1086]
≥ 140 no no [1,380],[1,1810] 0

yes [13,208],[0.54,980.42] [11,176],[0.46,829.58]
yes no [5,100],[0.26,476.32] [14,280],[0.74,1333.68]

yes [1,190],[0.5,905] [1,190],[0.5,905]

Table 3.18: IP Results for Czech Autoworkers Data, Given Full Conditionals and Sample
Size, Using Original Data

Method IP Time (seconds) LP Time (seconds)
Cplex 3.76 0.00
MATLAB’s linprog n/a 1.73
lpsolve in R n/a 0.63

Table 3.19: 6-way Example: Comparison of Run-times for 3 Methods
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Table 3.20: CPS Variables and Number of Levels
Variable Num. of Levels Levels Index
Age 3 < 25,25-55,> 55 i
Employment 4 Government, Private, Self-employed, Other j
Education 5 <HS, HS, College, Bachelor, Bachelor+ k
Marital Status 2 Married, Unmarried `

Race 2 Non-white, White m
Sex 2 Male, Female n
Hours Worked 3 < 40, 40, > 40 s
Salary 2 < 50, 50+ t

Salary
Age Employment Education Marital

Status
Race Sex Hours

Worked
< 50 50+

> 55 Government HS Married Non-
white

Male < 40 1 1

> 40 0 1
40 7 3

White Female < 40 5 2
> 40 2 0
40 0 3

Male < 40 22 3
> 40 10 4
40 56 24

Unmarried Non-
white

Female < 40 8 0

> 40 1 0
40 8 0

Table 3.21: Select Data for CPS Example
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Salary
Age Employ Educ Marital Race Sex Hrs

Worked
< 50 50+

> 55 Gov HS Married Non-
white

Male < 40 [1,8528],
[0.50,
23852.50]

[1, 8528],
[0.50,
23852.50]

> 40 0 [1, 17056],
[1, 47705]

40 [7, 11942],
[0.70,
33393.50]

[3, 5118],
[0.30,
14311.50]

White Female < 40 [5, 12185],
[0.71,
34075.00]

[2, 4874],
[0.29,
13630.00]

> 40 [1, 17056],
[1, 47705]

0

40 0 [1, 17056],
[1, 47705]

Male < 40 [22,
15026],
[0.88,
41980.40]

[3, 2049],
[0.12,
5724.60]

> 40 [5, 12185],
[0.71,
34075.00]

[2, 4874],
[0.29,
13630.00]

40 [7, 11942],
[0.70,
33393.50]

[3, 5118],
[0.30,
14311.50]

Unmarried Non-
white

Female < 40 [1, 17056],
[1, 47705]

0

> 40 [1, 17056],
[1, 47705]

0

40 [1, 17056],
[1, 47705]

0

Table 3.22: Select IP/LP Results for CPS Data, Given Full Conditionals and Sample Size

Method IP Time (seconds) LP Time (seconds)
Cplex 164,614.73 115.93
MATLAB’s linprog n/a 1127.85

Table 3.23: 8-way Example: Comparison of Run-times for 3 Methods
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Chapter 4

Discussion of Results

In surveying the results of the previous two chapters, it seems clear that sharp integer bounds

produce significantly smaller bounds than the linear relaxation of the same optimization

problem. Because of this, it does not seem safe to make disclosure decisions based upon the

linear relaxation, even though we have shown that it can be calculated directly from the

data.

4.1 Integer Programs

In some of our examples, the sharp integer bounds uniquely identified the counts in the

original table. This occurred more often with smaller tables, but actually the most elemen-

tary example of all (the 2× 2 table) did not yield a unique specification. At this point, we

do not understand the underlying characteristics of a table that would produce a unique

specification. Perhaps there is some kind of tradeoff between the sample size and the num-

ber of cells, though in our examples the ratio between these two quantities certainly does

not suggest anything obvious in our examples.

Even if the original counts are not uniquely identified, many of the cells have sharp lower
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bounds that are equal to the actual cell count. However, in the case in which the lower

bound is less than the actual cell count, the actual cell count is a multiple of the lower

bound. The factor by which the actual cell count is reduced is the same factor by which

the fractional form of the conditional probability is reduced to in lowest fractional terms.

For instance, for the first cell in the 6 -way example (see Tables 3.17 and 3.18), the sharp

lower bound is 11. Notice that the conditional probability for the first cell is d̂111111 =
44

44+40 = 44
84 = 11

21 .

Further, the sharp upper bounds calculated via the integer programs seem to be an integer

multiple of the lower bound and this multiple seems to be constant among rows. So for

instance in the 6-way example, the multiple is 19 for the first row of the 6-way example,

but 3 for the second row.

It remains to be explained whether this structure could somehow be exploited to allow lower

bounds to be reliably calculated for these integer programs.

For the sharp integer bounds given partial conditional information, we have observed that

the upper bounds are the same as the cell counts in the corresponding “small” marginal

table. Furthermore, the bounds given the partial conditional information seem to be the

same as the bounds given the corresponding marginal table. There is more work to be done

to understand this relationship.

4.2 Linear Relaxations

For the linear relaxations as we have formulated them given full conditional probabilities, we

have shown that the lower bounds for each cell are equal to the conditional probability for

that cell (Theorems 2.2.1 and 3.2.1) and that the upper bounds can be directly calculated as

well (Theorems 2.2.2 and 3.2.2). To calculate these upper bounds, we only need to know the

given conditional probability, the given sample size, and the number of nonzero marginals
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in the 2 -way table which is constructed from the k -way table (we called this quantity R in

Section 3.2.1).

For instance, in the 6 -way example (see Tables 3.17 and 3.18), there are no zero marginals,

so R = 25 = 32 since each of the five variables we are conditioning on has two categories.

Then, each linear relaxation upper bound can be calculated by

(N − (R− 1))d̂IJ = (1841− 31)d̂IJ = 1810d̂IJ

and this can be checked using Tables 3.17 and 3.18.

We have also shown that given partial conditional probabilities still allows us to directly

deduce linear relaxation bounds (Theorem 3.2.3). This is done in similar fashion to the full

conditional case.

There are large discrepancies between the sharp IP bounds and the linear relaxation bounds.

It does not seem as if LP bounds serve as good approximations to the IP bounds at all, and

thus the bounds derived from the LP bounds are not useful for detecting whether there is

a potential disclosure.

On the other hand, in all except the toy example in Section 2.2 the IP based on the released

conditionals proved infeasible anyway. Therefore, it is likely that in practice releasing

conditional probabilities would not allow intruders to calculate sharp integer bounds (and

this could be checked by the agency before releasing the data).

4.3 Discussion of Method Performance (Including Genetic

Algorithms)

Clearly, Cplex performs the best for both the integer programs as well as the linear re-

laxations. All problems, with the exception of the 8-way IP, were solved with ease using
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this powerful commercial software. On the other hand, the lp_solve implementation in R

could not solve several of the larger IP’s, and would not even solve the 8-way LP. Matlab’s

Optimization Toolbox solved each of the LP’s, but does not have IP solving capability. It

seems clear then, that if large-scale optimization must be conducted, Cplex or another sim-

ilar commercial package is likely preferrable to an add-on or freeware optimization package

(though there could be more effective freeware packages out there).

It is also clear that even the best solvers may be pushed to or past their practical limit for

integer programs of considerable size. In the 8-way example, not only was each optimization

problem large, with thousands of constraints and variables, but to calculate the lower and

upper bounds, the optimizations had to be repeated thousands of times. In the course of

the Cplex 8-way IP calculation, all of the lower bounds were calculated in under 10 seconds,

but a few of the upper bounds took hours to find an optimal solution.

We experimented with a Genetic Algorithm (GA) implementation in MATLAB as well. It

solved the small 2× 2 linear relaxation example, but it took between 20 and 47 seconds to

do each of the required 8 optimizations. It would take at least that long to solve the integer

program, as well as the larger problems, and so for all except the larger problems the GA

would seem not be competitive with Cplex.

However, this is an area that potentially warrants more investigation, if bounds on large

problems need to be calculated. One word of caution though: for a truly large problem,

there will be thousands (maybe millions) of optimizations to be done. Even if the GA

could solve each in a half a minute, the time required to solve each bound could still be

prohibitively large.

61



Chapter 5

Calculation of Cell Bounds Given

Odds Ratios

5.1 Odds Ratios

In a 2× 2 table, the odds ratio is defined to be

α =
p11p22

p12p21
(5.1)

α̂ =
o11o22

o12o21
(5.2)

For a 2-way table we can define two additional odds ratios:

α1 =
p11p12

p21p22
(5.3)

α̂1 =
o11o12

o21o22
(5.4)

α2 =
p11p21

p12p22
(5.5)

α̂2 =
o11o21

o12o22
(5.6)
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5.2 Calculating Bounds Given Odds Ratios and Sample Size

Based on the odds ratio information only, we can construct a Mixed Integer Quadratically

Constrained Program (MIQCP) and calculate sharp bounds on each cell, as well as a linear

relaxation of this (see Section 1.6.3).

We return to the fictional example in Table 2.1. In this example, the observed α̂ = 15·20
5·10 = 6.

Then, we can construct the following MIQCP:

min nij (5.7)

s.t.
∑

i

∑
j

nij = 50 (5.8)

αn12n21 − n11n22 = 0 (5.9)

n12n21 ≥ 1 (5.10)

nij ≥ 0 ∀i, j

nij integer ∀i, j

Constraint (5.9) is derived from (5.1), and constraint (5.10) does not allow the denominator

of the odds ratio to be zero. The linear relaxation of this problem is the optimization

problem defined by (5.7) except the integer constraints are removed. We can derive similar

MIQCP’s using α1 and α2 (see Appendix B).

5.3 Analytical Bounds for Some Cells in Linear Relaxation

A closed-form solution to the linear relaxations of (5.7), (B.1), and (B.4) for some of the

cells in the two-way table can be derived.

Theorem 5.3.1 Assume N ≥ α + 3, where α ∈ R is one of (5.1), (5.3), or (5.5) and N
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is the sample size. Then the solutions (lower and upper bounds) to (5.7), (B.1), and (B.4),

for those cells in the numerators of the appropriate odds ratios, are given by

nij =
(N − 2)±

√
(N − 2)2 − 4α
2

. (5.11)

Proof We will use (5.7) and cell n11, but the same logic applies to each of the odds ratios

and each of the cells in their numerators. First, rewrite (5.9) for convenience as αn12n21 =

n11n22. Let a = n12 + n21 and b = n12n21. Then, n11 + n22 = N − a because of (5.8)

and since constraint (5.9) must hold, n11n22 = bα. Solving these two equations gives two

solutions for n11:

n11 =
(N − a)±

√
(N − a)2 − 4bα
2

(5.12)

Now all that is left to be proved is that the roots of n11 (call them n` for the smaller root,

and nu for the larger one) are the upper and lower bounds when the denominator of the

odds ratio is as small as possible (n12 = n21 = 1).

To prove that the larger root is maximized when n12 = n21 = 1, assume it is true, which

means a = 2 and b = 1. In order for (N − 2) −
√

(N − 2)2 − 4α ≤ 2, one can easily show

that α ≤ N − 3, and if this is the case, then n` ≤ 1. Note also that n` + nu = N − a which

means nu = N − a− n`. Thus, when a = 2, nu = N − 2− n` which will be no smaller than

nu = N − 3. When a ≥ 3, nu will be no larger than nu = N − 3. Therefore, nu is less when

a ≥ 3 than when a = 2.

To prove that the smaller root is minimized when n12 = n21 = 1, note that the form of

(5.12) is such that as b increases,
√

(N − a)2 − 4bα gets further away from N − a, so that

(N − a)−
√

(N − a)2 − 4bα is smallest when b is as small as possible.

We have not provided results for those cells in the linear relaxation that are in the denom-

inator of the odds ratio, or for the MIQCP. However, perhaps this could be extended to

I × J or multi-way table in some way and a closed-form solution could serve as a shortcut

in calculating linear relaxation bounds in these problems.
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5.4 Results for MIQCP’s and QCP’s Given Odds Ratios and

Sample Size

The results of both of the optimization problems (the MIQCP and its linear relaxation) for

each of the odds ratios are in Tables 5.1, 5.2, and 5.3.

[3,36], [0.13,47.87] [1,24], [0.02,45.08]
[1,24], [0.02,45.08] [3,36], [0.13,47.87]

Table 5.1: MIQCP and QCP Bounds for 2way Table Given α and Sample Size

[2,33],[0.03,47.97] [2,33],[0.03,47.97]
[2,28],[0.02,47.53] [2,28],[0.02,47.53]

Table 5.2: MIQCP and QCP Bounds for 2-way Table Given α1 and Sample Size

[1,27],[0.01,47.99] [2,36],[0.02,48.75]
[1,27],[0.01,47.99] [2,36],[0.02,48.75]

Table 5.3: MIQCP and QCP Bounds for 2-way Table Given α2 and Sample Size

5.5 Discussion of Cell Bound Results Given Odds Ratio In-

formation

The first thing to note about the results is that, given a particular odds ratio, the bounds

for cells in the numerator of that odds ratio are the same, and similarly for those cells in

the denominator. This is in contrast to the conditionals, which give information about each

cell individually.

Based only on this single example, it seems as if the conditionals do indeed provide more

information than any of the odds ratios by themselves. Indeed, both the integer and linear

bounds induced by the conditional probability information (Table 2.2) are narrower than

any of the bounds induced by any of the three odds ratios individually (Tables 5.1, 5.2, and

5.3).
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Chapter 6

Conclusions

In this thesis we have formulated optimization problems that allow the calculation of sharp

integer bounds as well as linear relaxation bounds given the sample size and either partial

or full conditional information. We have also shown that linear programs are not necessary

to calculate the linear relaxation bounds, as they can be calculated directly from the data.

We see that there may be large gaps between the sharp bounds and those resulting from

the linear relaxation. Though the calculation of the linear relaxation bounds are direct and

thus much less time-intensive than the corresponding integer programming bounds, it is

inadvisable in practice to substitute bounds from the linear relaxation for sharp bounds,

because of these large gaps.

In calculating the sharp integer bounds, often the lower bound is equal to the actual cell

count. When this is not the case, it is because of the structure of the data. If for a given cell

the fraction used to calculate the conditional probability can be reduced, the lower bound

will be reduced by the same factor.

We also formulated and solved optimization problems for a 2 × 2 table given odds ratios

and sample size, and demonstrated at least in this example that the bounds are looser than

those bounds derived given conditional information. Furthermore, we found for the linear
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relaxation of this problem, the bounds for some of the cells can be calculated via a formula

instead of solving the optimization problem.

6.1 Future Work

Still to be understood is why some contingency tables can be uniquely specified by their

full conditional probabilities and others cannot. Additionally, though we have determined

formulas which allow us to calculate linear relaxation bounds directly, the sharp integer

bounds are not as well understood. They are evidently closely tied to the counts in the

original table, because the original counts seem to always be a multiple of the lower bound,

and the upper bound seems to be a multiple of the lower bound. Whether these relationships

can be exploited to calculate these bounds more directly is yet to be explored.

Another issue that warrants more investigation is the relationship between the space of

tables induced given partial conditional information and the space of tables induced by the

corresponding marginal table. It seems in our examples that the bounds in both of these

cases are the same.

We were able to calculate sharp integer bounds for an 8-way table, though the time to solve

it was prohibitively large. What about tables that are even larger? Perhaps some sort of

evolutionary optimization algorithm could be constructed that could solve this problem in

a reasonable amount of time. This is yet to be fully explored.
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Appendix A

IP/LP Formulations to Larger

Multi-way Tables

Any IP formulation given full conditional information can be fit into the following frame-

work, based on the notation developed in Section 3:

Min nIJ

s.t.
∑
I,J

nIJ = N

oIJ

∑
h6=J

nIh + (oIJ − 1)nIJ = 0, ∀ I, J = 1, ...,K − 1

∑
J

nIJ ≥ 1 ∀ I

nI,J ≥ 0 ∀I, J

nI,J integer ∀ I, J

Note that this formulation assumes use of the original data instead of the conditionals. It

also is an integer program, though the linear relaxation could be calculated by dropping

the integer constraints.
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Appendix B

Formulation of MIQCP’s for α1

and α2

MIQCP based on α1:

min nij (B.1)

s.t.
∑

i

∑
j

nij = 50

α1n21n22 − n11n12 = 0 (B.2)

n21n22 ≥ 1 (B.3)

nij ≥ 0 ∀i, j

nij integer ∀i, j
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We can also construct an MIQCP based on α2:

min nij (B.4)

s.t.
∑

i

∑
j

nij = 50

α2n12n22 − n11n21 = 0 (B.5)

n12n22 ≥ 1 (B.6)

nij ≥ 0 ∀i, j

nij integer ∀i, j
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